The vortex ow which follows intense sound propagating in a bubbly liquid, is considered. The reasons for acoustic streaming are both nonlinearity and dispersion. That makes streaming especial as compared with that in a Newtonian uid. Conclusions concern the vortex ow induced in a half-space by initially harmonic or impulse Gaussian beam. The vortex ow recalls a turbulent ow with increasing in time number of small-scale vortices in the vicinity of the axis of a beam's propagation.
Introduction
Acoustic waves in unbounded media may reveal noticeable dispersion under some special conditions [13] . That concerns, among other, inhomogeneous media and these with unusual thermodynamic properties, like gases with relaxing oscillatory degrees of a molecule's freedom or uids with a chemical reaction [4] . A liquid which involves gaseous bubbles is much more compressible than the pure liquid, so that its acoustical properties dier considerably from that in both pure gas or liquid [2, 5] . The sound speed is fairly smaller than that in a liquid, nonlinearity increases by orders of magnitude, and features of sound propagation strongly depend on its frequency. Sound of nite magnitude is nonlinearly distorted and does interact with the non-wave uid motions as it propagates.
Studies of nonlinear eects are important not only relatively to sound itself, but in connection with phenomena induced in the eld of sound.
A model which describes the nite-magnitude sound propagation over a bubbly liquid, imposes inclusion of set of bubbles (i.e., oscillators) into the bulk of a liquid [59] . The equation which governs sound beam is analogous to the famous KhokhlovZabolotskayaKuznetsov (KZK) equation [2, 10, 11] , but it includes a dispersive term instead of standard attenuation or supplemented it [2, 10] . General analytical methods to solve the KZK equation are still absent [12] , all the more so solution of equation which governs sound in a bubbly viscous liquid.
Studies of nonlinear uid dynamics must start from equations describing uid dynamic of the mixture as a continuum. In three dimensions, both non-wave modes, i.e., vorticity and entropy modes (these names come from the linear theory of ows of Newtonian uniform unbounded uids [13] ) are nonlinearly generated in the eld of sound [14, 15] . The main diculty is to describe as precisely as possible the nonlinear propagation of sound * corresponding author; e-mail: pwojda@mif.pg.gda.pl beam itself and interaction of sound and non-wave modes. 
Equations governing perturbations in bubbly liquid
We consider the mixture which consists of compressible liquid and identical spherical bubbles of an ideal gas. All bubbles are of the same radii at equilibrium, and there is no heat and mass transfer between liquid and gas. We assume also that motions of the bubbles do not inuence each other and that they pulsate in their lowest, radially symmetric mode. The mixture as a whole may be treated as the homogeneous continuum. Pressure of the mixture equals pressure of a liquid [5, 19] . Quantities relating to gas, liquid, or to the mixture, are marked by indices g, l, and mix, correspondingly. The unperturbed quantities are marked by additional zero, and the disturbed ones are primed. Density of the mixture is given by
where β is the constant mass concentration of gas in the mixture. The initial volume concentration of gas in the mixture, α, equals
Acoustics of incompressible liquids (when the sound speed in a pure liquid, c l , tends to innity) including bubbles was originally studied by van Wijngaarden [5] .
Involving of liquid compressibility corrects the nonlinear parameter of sound [2, 20] . The following equations in dierential form declare conservation of momentum, energy, and mass:
where v, p denote velocity and pressure in the mixture,
, where C p and C V denote heat capacities at constant pressure and density. For water at normal conditions, it equals approximately 7. Some other equations complement the system (3). The rst reects constant mass of gas inside a spherical bubble, whose density is constantly distributed over a volume (R denotes a bubble's radius),
and the second one describes adiabatic behavior of gas inside it,
where
. Equation (5) 
Equation (6) accounts for compressibility of a liquid [6, 19] . Equations (4) 
take the form [20] :
Starting from Eqs. (9) , upper indices by dimensionless quantities will be omitted. The largest, quadratic terms are kept in the non-linear right-hand parts of all equations.
3. Acoustic and non-wave modes and relative dynamic equations
For motions of innitely small magnitudes, the system (9) takes the form
where Ψ is a vector of perturbations,
, and 
They determine relations of perturbations specic for every mode ( Ψ denotes a vector of Fourier transforms of perturbations):
where ρ n (n = 1, 2, 3) are the Fourier transforms of perturbations in density belonging to corresponding specic mode. The both branches of the vortex mode may be determined in the following way (they correspond to the rotational ow of a uid of constant pressure and density): Equations (9) accounting for nonlinear terms, take the form
Application of the vortex projector on the system (16) cancels all acoustic and entropy terms in the linear part of the left-side vector, but yields nonlinear source in the right-hand vector. We will consider among nonlinear terms represented by Ψ nl only acoustic ones. That corresponds to intense sound as compared to the non-wave modes. The vorticity projector in fact applies on three components of overall velocity. Its part, applying on the velocity vector, P vort,v , takes the form
Application of P vort,v on the rst three equations from the system (9), which represent the momentum equation, results in the dynamic equation governing velocity of the vorticity mode
The right-hand side of Eq. (18) 
That yields the dynamic equation for the vorticity mode in the eld of intense sound, in two equivalent forms,
where Ω is the vorticity of a ow, Ω = ∇ × v vort , and ρ a = ρ 1 + ρ 2 . Application of the last row of P 1 [20] on Eqs. (9), if only nonlinear terms belonging to the rst mode are kept in the nonlinear part, results in the leading-order equation governing an excess density of the rst branch of sound
where ε denotes the parameter of nonlinearity,
and square root of Laplacian ( √ ∆f (r, t)) means integral operator which corresponds to the Fourier transform of
The parameter of nonlinearity, given by Eq. (22), coincides with that evaluated in [2] . In the study [2] , the expression obtained for incompressible liquid is completed by the terms following from the nonlinearity in equations dierent from the pressure-density relation for the mixture. Unlike, Eq. (22) is immediate result of decomposition of the total system of conservation equations describing compressible liquid including bubbles into specic dynamic equations.
Dynamic equations in the quasi-planar geometry of a ow
Until this point, no restriction concerning a type of ow geometry was done. In the majority of practical applications, a weakly divergent acoustic beam is of interest. Let y designate the nominal axis of the sound beam pointing in the propagation direction, and let x, z be the coordinates perpendicular to that axis. We will assume that all acoustic perturbations vary much faster in the direction of axis OY than in the direction perpendicular to this axis: k 
where ∆ ⊥ = 
Equation (24) reveals that both nonlinearity and dispersion are necessary conditions of acoustic streaming in a bubbly liquid. The following assumptions will be made regarding the source: it is dened at the plane y = 0 and is positioned symmetrically with respect to the y-axis.
The system (Eqs. (23), (24)) may be readily rearranged in the cylindrical geometry with r = √ µ √ x 2 + z 2 : 
After establishing of the solution ρ a , one can nd vorticity solving equations
where Ω y , Ω r , and Ω φ are y-component, radial component and angular components of vorticity, correspondingly. In order to establish the vortex motion, one has to solve the system of Poisson equations. In the Cartesian coordinates, that requires
If Ω(t = 0, y, r) = 0, Ω can be expressed in terms of angular component of vorticity
The vortex velocity satises the following set of equations in the cylindrical coordinates:
The angular component of vortex velocity equals zero.
Numerical evaluations
We consider initially unperturbed liquid containing gas ρ a (t = 0, y, r) = 0, Ω(t = 0, y, r) = 0, (Bi-CG) which has been described in [22] .
Bi-CG is one of the Krylov subspace methods which makes it possible to obtain solutions for matrix equation Ax = f with asymmetric matrix operator A. 
The following actions are repeated until convergence of the vector x k to the solution x (k is the natural number): 
Conclusions
In this study, we consider acoustic streaming caused by 
